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Preface

The aim of this monograph is essentially to investigate the connec-
tions among fractional calculus, linear viscoelasticity and wave mo-
tion. The treatment mainly reflects the research activity and style
of the author in the related scientific areas during the last decades.

Fractional calculus, in allowing integrals and derivatives of any
positive order (the term “fractional” is kept only for historical rea-
sons), can be considered a branch of mathematical physics which
deals with integro-differential equations, where integrals are of con-
volution type and exhibit weakly singular kernels of power law type.

Viscoelasticity is a property possessed by bodies which, when de-
formed, exhibit both viscous and elastic behaviour through simul-
taneous dissipation and storage of mechanical energy. It is known
that viscosity refers mainly to fluids and elasticity mainly to solids,
so we shall refer viscoelasticity to generic continuous media in the
framework of a linear theory. As a matter of fact the linear theory of
viscoelasticity seems to be the field where we find the most extensive
applications of fractional calculus for a long time, even if often in an
implicit way.

Wave motion is a wonderful world impossible to be precisely de-
fined in a few words, so it is preferable to be guided in an intuitive
way, as G.B. Whitham has pointed out. Wave motion is surely one
of the most interesting and broadest scientific subjects that can be
studied at any technical level. The restriction of wave propagation
to linear viscoelastic media does not diminish the importance of this
research area from mathematical and physical view points.
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This book intends to show how fractional calculus provides a suit-
able (even if often empirical) method of describing dynamical proper-
ties of linear viscoelastic media including problems of wave propaga-
tion and diffusion. In all the applications the special transcendental
functions are fundamental, in particular those of Mittag-Leffler and
Wright type.

Here mathematics is emphasized for its own sake, but in the sense
of a language for everyday use rather than as a body of theorems and
proofs: unnecessary mathematical formalities are thus avoided. Em-
phasis is on problems and their solutions rather than on theorems and
their proofs. So as not to bore a “practical” reader with too many
mathematical details and functional spaces, we often skim over the
regularity conditions that ensure the validity of the equations. A
“rigorous” reader will be able to recognize these conditions, whereas
a “practionist” reader will accept the equations for sufficiently well-
behaved functions. Furthermore, for simplicity, the discussion is re-
stricted to the scalar cases, i.e. one-dimensional problems.

The book is likely to be of interest to applied scientists and engi-
neers. The presentation is intended to be self-contained but the level
adopted supposes previous experience with the elementary aspects
of mathematical analysis including the theory of integral transforms
of Laplace and Fourier type.

By referring the reader to a number of appendices where some
special functions used in the text are dealt with detail, the author
intends to emphasize the mathematical and graphical aspects related
to these functions.

Only seldom does the main text give references to the literature,
the references are mainly deferred to notes sections at the end of
chapters and appendices. The notes also provide some historical
perspectives. The bibliography contains a remarkably large number
of references to articles and books not mentioned in the text, since
they have attracted the author’s attention over the last decades and
cover topics more or less related to this monograph. The interested
reader could hopefully take advantage of this bibliography for enlarg-
ing and improving the scope of the monograph itself and developing
new results.
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Preface ix

This book is divided into six chapters and six appendices whose
contents can be briefly summarized as follows. Since we have chosen
to stress the importance of fractional calculus in modelling viscoelas-
ticity, the first two chapters are devoted to providing an outline of
the main notions in fractional calculus and linear viscoelasticity, re-
spectively. The third chapter provides an analysis of the viscoelas-
tic models based on constitutive equations containing integrals and
derivatives of fractional order.

The remaining three chapters are devoted to wave propagation
in linear viscoelastic media, so we can consider this chapter-set as a
second part of the book. The fourth chapter deals with the general
properties of dispersion and dissipation that characterize the wave
propagation in linear viscoelastic media. In the fifth chapter we dis-
cuss asymptotic representations for viscoelastic waves generated by
impact problems. In particular we deal with the techniques of wave-
front expansions and saddle-point approximations. We then discuss
the matching between the two above approximations carried out by
the technique of rational Padè approximants. Noteworthy examples
are illustrated with graphics. Finally, the sixth chapter deals with
diffusion and wave-propagation problems solved with the techniques
of fractional calculus. In particular, we discuss an important problem
in material science: the propagation of pulses in viscoelastic solids
exhibiting a constant quality factor. The tools of fractional calculus
are successfully applied here because the phenomenon is shown to be
governed by an evolution equation of fractional order in time.

The appendices are devoted to the special functions that play a
role in the text. The most relevant formulas and plots are provided.
We start in appendix A with the Eulerian functions. In appendices
B, C and D we consider the Bessel, the Error and the Exponential
Integral functions, respectively. Finally, in appendices E and F we
analyse in detail the functions of Mittag-Leffler and Wright type,
respectively. The applications of fractional calculus in diverse areas
has considerably increased the importance of these functions, still
ignored in most handbooks.

Francesco Mainardi
Bologna, December 2009
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and Fabio Cavallini (OGS, Trieste, Italy).

Among my former students I would like to name (in alphabetical
order): Gianni De Fabritiis, Enrico Grassi, Daniele Moretti, Antonio
Mura, Gianni Pagnini, Paolo Paradisi, Daniele Piazza, Ombretta
Pinazza, Donatella Tocci, Massimo Tomirotti, Giuliano Vitali and
Alessandro Vivoli. In particular, I am grateful to Antonio Mura for
help with graphics.

xi



January 22, 2010 21:55 World Scientific Book - 9in x 6in MAINARDI˙BOOK-FINAL

xii Fractional Calculus and Waves in Linear Viscoelasticy

I am very obliged to the staff at the Imperial College Press, es-
pecially to Katie Lydon, Lizzie Bennett, Sarah Haynes and Rajesh
Babu, for taking care of the preparation of this book.

Finally, I am grateful to my wife Giovanna and to our children
Enrico and Elena for their understanding, support and encourage-
ment.

F. Mainardi between R. Gorenflo (left) and M. Caputo (right)
Bologna, April 2002



January 22, 2010 21:55 World Scientific Book - 9in x 6in MAINARDI˙BOOK-FINAL

Contents

Preface vii

Acknowledgements xi

List of Figures xvii

1. Essentials of Fractional Calculus 1

1.1 The fractional integral with support in IR+ . . . . . 2
1.2 The fractional derivative with support in IR+ . . . . 5
1.3 Fractional relaxation equations in IR+ . . . . . . . . 11
1.4 Fractional integrals and derivatives with support in IR 15
1.5 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2. Essentials of Linear Viscoelasticity 23

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 23
2.2 History in IR+: the Laplace transform approach . . . 26
2.3 The four types of viscoelasticity . . . . . . . . . . . . 28
2.4 The classical mechanical models . . . . . . . . . . . 30
2.5 The time - and frequency - spectral functions . . . . 41
2.6 History in IR: the Fourier transform approach and

the dynamic functions . . . . . . . . . . . . . . . . . 45
2.7 Storage and dissipation of energy: the loss tangent . 46
2.8 The dynamic functions for the mechanical models . . 51
2.9 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 54

xiii



January 22, 2010 21:55 World Scientific Book - 9in x 6in MAINARDI˙BOOK-FINAL

xiv Fractional Calculus and Waves in Linear Viscoelasticy

3. Fractional Viscoelastic Models 57

3.1 The fractional calculus in the mechanical models . . 57
3.1.1 Power-Law creep and the Scott-Blair model 57
3.1.2 The correspondence principle . . . . . . . . . 59
3.1.3 The fractional mechanical models . . . . . . 61

3.2 Analysis of the fractional Zener model . . . . . . . . 63
3.2.1 The material and the spectral functions . . . 63
3.2.2 Dissipation: theoretical considerations . . . . 66
3.2.3 Dissipation: experimental checks . . . . . . . 69

3.3 The physical interpretation of the fractional Zener
model via fractional diffusion . . . . . . . . . . . . . 71

3.4 Which type of fractional derivative? Caputo or
Riemann-Liouville? . . . . . . . . . . . . . . . . . . . 73

3.5 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4. Waves in Linear Viscoelastic Media: Dispersion and
Dissipation 77

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 77
4.2 Impact waves in linear viscoelasticity . . . . . . . . . 78

4.2.1 Statement of the problem by Laplace trans-
forms . . . . . . . . . . . . . . . . . . . . . . 78

4.2.2 The structure of wave equations in the
space-time domain . . . . . . . . . . . . . . . 82

4.2.3 Evolution equations for the mechanical models 83
4.3 Dispersion relation and complex refraction index . . 85

4.3.1 Generalities . . . . . . . . . . . . . . . . . . 85
4.3.2 Dispersion: phase velocity and group velocity 88
4.3.3 Dissipation: the attenuation coefficient and

the specific dissipation function . . . . . . . 90
4.3.4 Dispersion and attenuation for the Zener

and the Maxwell models . . . . . . . . . . . 91
4.3.5 Dispersion and attenuation for the frac-

tional Zener model . . . . . . . . . . . . . . 92
4.3.6 The Klein-Gordon equation with dissipation 94

4.4 The Brillouin signal velocity . . . . . . . . . . . . . . 98



January 22, 2010 21:55 World Scientific Book - 9in x 6in MAINARDI˙BOOK-FINAL

Contents xv

4.4.1 Generalities . . . . . . . . . . . . . . . . . . 98
4.4.2 Signal velocity via steepest–descent path . . 100

4.5 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5. Waves in Linear Viscoelastic Media: Asymptotic
Representations 109

5.1 The regular wave–front expansion . . . . . . . . . . . 109
5.2 The singular wave–front expansion . . . . . . . . . . 116
5.3 The saddle–point approximation . . . . . . . . . . . 126

5.3.1 Generalities . . . . . . . . . . . . . . . . . . 126
5.3.2 The Lee-Kanter problem for the Maxwell

model . . . . . . . . . . . . . . . . . . . . . . 127
5.3.3 The Jeffreys problem for the Zener model . . 131

5.4 The matching between the wave–front and the
saddle–point approximations . . . . . . . . . . . . . 133

6. Diffusion and Wave–Propagation via Fractional Calculus 137

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . 137
6.2 Derivation of the fundamental solutions . . . . . . . 140
6.3 Basic properties and plots of the Green functions . . 145
6.4 The Signalling problem in a viscoelastic solid with a

power-law creep . . . . . . . . . . . . . . . . . . . . . 151
6.5 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Appendix A The Eulerian Functions 155

A.1 The Gamma function: Γ(z) . . . . . . . . . . . . . . 155
A.2 The Beta function: B(p, q) . . . . . . . . . . . . . . 165
A.3 Logarithmic derivative of the Gamma function . . . 169
A.4 The incomplete Gamma functions . . . . . . . . . . 171

Appendix B The Bessel Functions 173

B.1 The standard Bessel functions . . . . . . . . . . . . . 173
B.2 The modified Bessel functions . . . . . . . . . . . . . 180
B.3 Integral representations and Laplace transforms . . . 184
B.4 The Airy functions . . . . . . . . . . . . . . . . . . . 187



January 22, 2010 21:55 World Scientific Book - 9in x 6in MAINARDI˙BOOK-FINAL

xvi Fractional Calculus and Waves in Linear Viscoelasticy

Appendix C The Error Functions 191

C.1 The two standard Error functions . . . . . . . . . . . 191
C.2 Laplace transform pairs . . . . . . . . . . . . . . . . 193
C.3 Repeated integrals of the Error functions . . . . . . 195
C.4 The Erfi function and the Dawson integral . . . . . . 197
C.5 The Fresnel integrals . . . . . . . . . . . . . . . . . . 198

Appendix D The Exponential Integral Functions 203

D.1 The classical Exponential integrals Ei (z), E1(z) . . . 203
D.2 The modified Exponential integral Ein (z) . . . . . . 204
D.3 Asymptotics for the Exponential integrals . . . . . . 206
D.4 Laplace transform pairs for Exponential integrals . . 207

Appendix E The Mittag-Leffler Functions 211

E.1 The classical Mittag-Leffler function Eα(z) . . . . . 211
E.2 The Mittag-Leffler function with two parameters . . 216
E.3 Other functions of the Mittag-Leffler type . . . . . . 220
E.4 The Laplace transform pairs . . . . . . . . . . . . . . 222
E.5 Derivatives of the Mittag-Leffler functions . . . . . . 227
E.6 Summation and integration of Mittag-Leffler functions228
E.7 Applications of the Mittag-Leffler functions to the

Abel integral equations . . . . . . . . . . . . . . . . . 230
E.8 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 232

Appendix F The Wright Functions 237

F.1 The Wright function Wλ,µ(z) . . . . . . . . . . . . . 237
F.2 The auxiliary functions Fν(z) and Mν(z) in C . . . . 240
F.3 The auxiliary functions Fν(x) and Mν(x) in IR . . . 242
F.4 The Laplace transform pairs . . . . . . . . . . . . . . 245
F.5 The Wright M -functions in probability . . . . . . . . 250
F.6 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . 258

Bibliography 261

Index 343




